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Goals of molecular dynamics

e Computation of macroscopic properties from Newtonians atomistic models:

m Static properties, such as
m the heat capacity and

& 14007
= the equations of state P = P(p,T). E 1o
< 1000
. . =
m Dynamical properties, such as transport @ 8007
. 93
coefficients: o 600y

m the viscosity;
m the thermal conductivity;

= the mobility of ions in solution. O 00 S0 100
Pressure (MPa)

Equation of state of argon at 300K.
® ‘+': molecular simulation;

@ Solid line: experimental measurements[ll.

e Numerical microscope: used in physics, biology, chemistry.

[1] https://webbook.nist.gov/chemistry/fluid/
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Common models in molecular simulation

We consider the following hierarchy of models:

a=-VV(a)+281W, (OL)
d=-VV(a) —va+ 2y W, (L)
d=~VV(a) = [ 5= s)a()ds+F(). (GLE)

where

m V is a potential, in this talk periodic;
m 7 is the friction coefficient;
m 7(-) is the memory kernel;

m F is a stationary non-Markovian noise process.

The kernel 5(+) and the noise F' are related by the fluctuation/dissipation relation:

E[F(t)® F(s)] = B~ A(t — s)La.
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Definition of the mobility

Consider for example the one-particle Langevin dynamics with added forcing:
q=-VV(qQ)+ne —va+ 278 ' W.
This equation may be rewritten as a system for the position and momentum:

dq, = p, dt,
dp, = —VV(q,) dt + nedt — yp, dt + \/275-1 dW,.

This dynamics admits a unique invariant probability distribution pu, € ’P(Td X Rd).

Definition (Mobility)

The mobility in direction e is defined mathematically as
.1 T
Me = }]% EElﬁn [e p}
= factor relating the mean momentum to the strength of the inducing forcing.

Einstein’s relation: D = Me, with D, the effective diffusion coefficient in direction e.
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Effective diffusion

For many Langevin-like models in molecular dynamics, it is possible to show a functional
central limit theorem:

eq(s/e®) — V2D W (s) weakly on C([0, 00)).

In particular, q(t) /vt = N(0,2D) weakly.
—00

t = 3.00, D = 0.000

= Pure diffusion
035 BN GL1 (MC sinulation)
0.30
0.25
0.20
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0.10
0.05
0.00-+
-8 —6 4 : 0 p &
Position
Figure: Histogram of g(¢) in the potential V' (q) = — cos(q)/2 represented in the background.
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Open question: surface diffusion when v < 112

Applications:

m integrated circuits;
m catalysis.

Open question: behavior of the effective diffusion coefficient when v < 17

2
D = lim 7<|qgft)‘ ) ~y7 oc=777

)
t— oo

Difficulty: slow convergence of Monte Carlo methods when ~ is small.

[2] Source of the video: https://en.wikipedia.org/wiki/Surface_diffusion
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Some background material on the Langevin equation

The (one-particle) Langevin equation can be rewritten as

dq, = p, dt,
dp, = —VV(q,)dt —yp, dt + /2y~ dWy.

m The dynamics is composed of a Hamiltonian part and a fluctuation/dissipation part;

m The invariant probability measure is

1 1 —8(v@+'2?
pla,p) = e AP = Ze o(ves ) on T¢ x RY.

m The generator of the associated Markov semigroup

(e‘:” so) (a,p) = E(¢(q;, Py)|(d0, Py) = (a, P))

is a hypoelliptic, hypocoercive operator:

_ 0 / 0 -1 82 .
ﬁL—(gq*V()ap)Jr’Y(*erﬁ )—.Eham‘i”Y['FD-
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Langevin dynamics: underdamped and overdamped regimes!!

4 4
3 3
2 2 H
1 4 1 1
o o
-1 -1
-2 -2
-3 -3
5 -2 -1 [ 1 2 3 35 -2 -1 1 2 3

2o

Figure: Langevin dynamics with friction v = 0.1 (left) and v = 10 (right)

m Underdamped limit: as v — 0 in dimension 1, the Hamiltonian H(q¢/,p¢/)
converges weakly to a diffusion process on a graph.

m Overdamped limit: as v — oo, the rescaled position ¢(vt) converges weakly to the
solution of the overdamped Langevin equation:

q=-VV(g)+ V251 W.

[3] M. HAIRER and G. A. PavLIOTIs. From ballistic to diffusive behavior in periodic potentials. J. Stat.
Phys., 2008.
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Mathematical expression for the effective diffusion (1 dimension)

The effective diffusion coefficient is given by where D = (¢, p) and ¢ is the solution to
—Lr¢ = p, ¢ € Ly(n) == {ue L(n): (u,1) = 0}.

Sketch of the proof: Applying Itd’s formula to ¢,

do(gs,ps) = psds + /2v6~ 1 QS7ps dWs.

Therefore,

2

t/e
e(qje2 — qo) = 6/ psds
0

= e(d(qr/e2,peye2) — (g0, o)) + /276~ 15/ qs,ps)dWs,

—0 in LP(Q, C([0, T], R))

—V2DW; weakly in C([0, c0)) by MCLT

where

D=~8" /Iapéb(qm)l2 w(dgdp) = (¢,p) .
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Scaling of the effective diffusion coefficient for Langevin dynamicsl*

In dimension 1, limy—0vD” = Dyna and limy_,00 YD7 = Dgyq.

m How does the mobility scale for the generalized Langevin equation?
® What about the multidimensional setting? The limit v — 0 is not well understood.

m How can we efficiently estimate the effective diffusion coefficient when v < 17

[4] G. A. PavrioTis and A. VociaNNoU. Diffusive transport in periodic potentials: underdamped
dynamics. Fluct. Noise Lett., 2008.
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Scaling of the mobility for the generalized Langevin equation
Long-time behavior of the GLE

Scaling of the mobility
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Quasi-Markovian approximation of the GLE (one dimension)

When the memory kernel is of the form
() = (e MAN),

for (possibly nonsymmetric) A € R™*™ with nonnegative eigenvalues and A € R", the
GLE is equivalent to

dqg = pdt,
dp = —V'(g) dt + (X, z) dt,
dz = —pAdt — Azdt+XdW,, z(0) ~ N(0, 87'),

where 3 € R"*" is related to A by the fluctuation/dissipation relation:
wxT =51 (A+AT).

The noise acts only on z!
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The simplest quasi-Markovian GLE

In this talk we consider for simplicity
dqt = Pt dt,
dpt = —Vl(qt) dt + g Zt dt,

ﬁ

1 281
dZ¢:—fptdt—f22¢dt+ B
v v

Tth, 20 NN(O,ﬂ_l)
m The associated memory kernel is given by
oy Y -
A(t) = ol v
m 7 encodes the friction.

m v encodes the memory. As v — 0 we recover the Langevin equation[S] with friction

| awar=n.

[5] M. OrTOBRE and G. A. PAVLIOTIS. Asymptotic analysis for the generalized Langevin equation.
Nonlinearity, 2011.
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Generator and effective diffusion

m Invariant probability measure:

pldadpdz) =~ ep(~6 (Hla.p) +2%)),  Hlgp) = V(o) + 2

m Generator of the associated Markov process:
L= (pdy—V'(q) ) + L (28, — pd:) + 5 (—20. + p7102)
=1 (030, — 0;0,) + Y7 (020, — 030.) — % 03 -

——
—.B =:A*A

where 07, 0,,0; are the formal L?(u) adjoints of 9y, 9y, 0.

m The effective diffusion coefficient can be obtained by solving a Poisson equation:

_[’¢ =D,
D =(¢,p) -

Scaling of the mobility for the generalized Langevin equation 16 / 37



Recipe for proving L?(1) scaling limits for the Poisson equation

m Show exponential convergence of the Markov semigroup®:

1S £ < Ce O IFLL A(y,p) = X min (%3 l)
Y
forall f € Lj(u) :== {u € L*(p) : (u,1) =0}

m Deduce bounds on the resolvent:

o= [Teran sy,
0

v
m (Considering e.g. v — 0) Use formal asymptotics to construct q~$ such that

—L(¢ —¢) =VvR and

IR <C Wve(0,1).
m (Considering e.g. v — 0) Conclude that

tim o — 9 =

[6] M. OrTOBRE and G. A. PAVLIOTIS. Asymptotic analysis for the generalized Langevin equation
Nonlinearity, 2011.

lim ||vL™"R|| = 0.

v—0

Scaling of the mobility for the generalized Langevin equation

< C 1 vt
8(#)) S jmax Yy "y — | -
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Long-time behavior of e£ using hypocoercivityl”]

From the decomposition £ = B — A* A, we observe that

(—Lh, )2 = [Aul® =72 87 [|0:hl[7 5, — L is not coercive!

Hypocoercivity: introduce a modified inner product ((+,-)) of the form

(h, h) = IRI1* + ao 18:=h]|* + av [|0phl|* + az 1057 |* — 2bo (9=h, Bph) — 2b1 (Dph, Bh)

Goal: find parameters (ao, a1, az,bo, b1) such that

m the norm +/((h, h)) is equivalent to the standard norm on H'(u);
m the inequality —(Lh, h)) > A(v,v)((h, h)) holds for all sufficiently regular h.

Then exponential convergence in H' (i) then follows from Grénwall's inequality:
1d
2dt
= (" hye™ h) < ™0 (B, h).

(e by e B) = (L e hye ™ h) < —A(3, ) (€ by ),

Difficulty: Obtain the right dependence on «y and v.

[7] C. VIiLLANI. Hypocoercivity. Mem. Amer. Math. Soc., 2009.
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Sketch of the proof

Assumptions: y satisfies a Poincaré inequality and V' is uniformly bounded.

m By the Cauchy-Schwarz inequality, we obtain

10:hI\ " /a0 —bo 0 10=|
() = 007 = (19,0 ) [ =bo ar b2 | [ N30l |,
0,11 0 —bi az ) \[9,h]
=My

m On the other hand, after some calculations,

0= d:h||\ " . 10= 0:h| 0:hlI\ * 0.
=(h, Lh) = [ 102 0phll | (v77 87 Mu) | 10=Oph|l | + ( 10ph] | Mz | [|Ophl|
0= Ogh| 0= Ogh| [[0ghl l0qhl

Thus, it is sufficient to find small coefficients (ao, a1, az, bo, b1) such that
. 1 v
M; -0 and M = C min Oy I
vV
The proof is concluded by using Poincaré’s inequality for .
19 / 37
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From H'(u) to L?(1) hypocoercivity

For our purposes, exponential convergence Lz(u) is required.

m Recent direct approach!® based on introducing Q; = e“* e and using an inequality

for self-adjoint operators.

fo), 0],

m Hypoelliptic regularization Introduce

Nu(t) = [|hl* + ao t ||0: e“ h|* + a1 t® ||8p e“ h|* + a2t ||y e b))
—2bot® (9. e"“ h,0pe“ h) —2b1t* (9pe™* h,05e"“ h),

and show that

%(Nh(t))go Vie[0,1] =  (e“heCh) <Al

From this we deduce || e“* h|| = || e~V e h|| < Cefﬁmi“(“’”ﬂ””%)t ||| .

[8] G. DELIGIANNIDIS, D. PAULIN, A. BOUCHARD-COTE, and A. DOUCET. Randomized Hamiltonian
Monte Carlo as Scaling Limit of the Bouncy Particle Sampler and Dimension-Free Convergence Rates.
arXiv e-prints, 2018.

[9] F. HErRAU. Short and long time behavior of the Fokker-Planck equation in a confining potential and
applications. J. Funct. Anal., 2007.

[10] M. OTTOBRE and G. A. PAvLIOTIS. Asymptotic analysis for the generalized Langevin equation.
Nonlinearity, 2011.
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The obtained decay rate is sharp

When V is quadratic, our GLE is an Ornstein—Uhlenbeck process:
X = DX dt + o dW,

Therefore*, the spectrum of L is given by

o(L) =S > Lke, ke €Nxo
tea(D)

The characteristic polynomial of D is

A2 My 1
2 2

The decay rate X of e corresponds to the root of p with largest real part.

m By asymptotic analysis, we can rigorously obtain the scaling w.r.t. v and v of A.

m The obtained scalings match our general findings.

[11] G. METAFUNE, D. PALLARA, and E. PRIOLA. Spectrum of Ornstein-Uhlenbeck operators in L? spaces
with respect to invariant measures. J. Funct. Anal., 2002.
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Decay in L?(u): summary of our results

v
TH2
1 1
!
|
|
!
!
A
\
|
1
!
!
9 2" !
K |
— ol 1
A=0(k) !
!
v=1 =le
|
X '
~< !
!
= = A=0(% '
A A=0() () '
o 1
< 1
= 1
!
Q '
~< |
|
!
....................................................................... N
h
~ 2 ~ Ly — /A2 '
AR5 A= 5(y— V2 - 4k) '
| .
0 y=1 v=2Vk 1 ki
=
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Effective diffusion: limits of interest in dimension

m The underdamped limit: v — 0;
m The overdamped limit: v — oo;

m The short memory limit: v — 0.

Summary of our results:

v ’Y_)O v
Dg,g ¢&———— D7
¥ — oo
v—0 v—0
Dund< ______ O____’YD’Y___,_Y:;____>DOVCI

Strategy of proof:

m |ldentify the limiting solutions to the Poisson equations by formal asymptotics,
m Justify these limits rigorously by employing L3(u) resolvent estimate.
m Take the limit in D" = (¢, p).
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Outline

Efficient mobility estimation
Variance reduction using control variates

Numerical study
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Consider again the Langevin dynamics with now (g, p;) € (R? x R):

dq, = p, dt,
dp, = —=VV(q,) dt — yp, dt + /27871 dW¢.

In dimension > 1, it does not hold that vD” —0> Duna when V' is non separable, e.g.
y—
1
Via) =~ (cos(@) + cos(gz) ) — o cos(an) cos(az)

Open question
How does D” behave when v < 1?7 Does it hold that
D" v °, where o =0(4)?

Theoretically, very little is known when d > 1. We will resort to Monte Carlo simulations.
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Numerical approaches for calculating the effective diffusion coefficient

m Linear response approach:
D = lim Eun

n—01

where p1,, is the invariant distribution of the system with external forcing.

m Green—Kubo formula: Since —£71 = °°e“3 dt,

D= / —L7'p)pdu = // “p)pdudt = /EM(POPt)dt-

m Einstein's relation:
D = lim —E|q q(O)’Q,

t—oo 2t

m Fourier/Hermite Galerkin method for the Poisson equation.
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Challenge in the underdamped limit: slowly decreasing bias

Consider the following estimator of the effective diffusion coefficient De:

‘eT(qT - q0)|2

U(T) = oT ) (qO,pO) ~ M-

Study of the bias:
_ [T e T T Y A RT s T . t
E[u(T)] —/0 <e (e p),e p> dt /0 <e (e p),e p> mln{l,T} dt
= De — /0 <ew(eTp), eTp> min {1, %} dt.

Using the decay estimate for the semigroup
e

[E[u(T)] = De| <

tL < Le—émin{’y,’yfl}

HB(L%(;L)) -

b
we deduce

Cmax{y?,v%}
—
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Variance of the estimator u(7T') for large T'

For T > 1, it holds approximately that

e'(ar —a) oT =
JoT 0% ~ N(0, Do) = (T) =

Therefore, we deduce
lim V[u(T)] =2DZ.

T — 00

The relative standard deviation (asymptotically as ' — o)

is therefore independent of v and T.
Scaling of the mean square error when using J realizations
Assuming an asymptotic scaling as 7~ 7 of De, we have

MSE C 2
D2 — yA-20772 + J

Vv € (0,1),
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Variance reduction using control variates

Let ¢ denote the solution to the Poisson equation

_£¢e(q,p) = eTp7 ¢ € Lg(lu‘)

and let Y. denote an approximation of ¢e. By Itd’s formula, we obtain

T T
be(dr; Pr) — de(qg; Pg) = */ e'p,dt + \/276‘1/ Vpde(q,, py) - dw:.
0 0

Therefore

T
e'(q, — q) =/ e'p,dt
0

Q

T
—tYe(ar, Pr) + Ye(ag; Py) + \/27ﬁ‘1/0 Vote(q, p,) - dwy =: &;.

which suggests the improved estimator

T 2
= (5 o]
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Properties of the improved estimator

Smaller bias if —L1)e ~ €' p:

2 —2
[E[v(T)] - DI| < %}27} |e™p + Luse

(87172 + licwell)

Smaller variance:
-1 2 2
V[o()] <€ (T 66 = Gell}a ) + 71 Vbo — Vool 2
x (T 6o + Vel 21 + 7 1Vpe + Vool 2ag, ) -
Construction of v.: we consider two approaches

m Approximate the solution to the Poisson equation by a Galerkin method.

m (in one dimension) Use asymptotic result for the Poisson equation:

which suggests letting ¥ = dund /7.
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Fourier/Hermite Galerkin method

Saddle-point formulation: find (®x,an) € Vy x R such that

— Iy LIIN®N + anuny = INp,
<<I)N7 uN> =0, (2)

where

m Iy is the L? (1) projection operator on a finite-dimensional subspace Vi,

m uny = IIn1/||IIn1]]. Eq. (2) ensures that the system is well-conditioned.

For Vv, we use the following basis functions:
1
ey = (2 PPN G (), 0<i <N,

where (G;)i>0 are trigonometric functions and (Hj;);> o are Hermite polynomials.

[12] J. RoussiL and G. STOLTZ. Spectral methods for Langevin dynamics and associated error estimates.
ESAIM: Math. Model. Numer. Anal., 2018.
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Numerical experiments for the one-dimensional case (1/2)

Effective diffusion coefficient: vD7/Dya Relative standard deviation

—— MC/No control

—=— MC/Galerkin
—— MC/Underdamped

—— Galerkin

2794 —— MC/No control
—— MC/Galerkin
—— MC/Underdamped

— V2

10-° 104 103 1072 10!
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Numerical experiments for the one-dimensional

Sample mean

340

320 /",".

AP Sl e T3

-

300
280
= MC/No control
260 =+ MC/Galerkin
== MC/Underdamped
0 20000 40000 60000 80000 100000

case (2/2)

Standard deviation

600

500+

MC/No control
MC/Galerkin
MC/Underdamped

4001
3004
2001
SR A e e
004
F,"“ R O i [ i — S——— ]
01
0 20000 40000 60000 80000 100000
t

Figure: Evolution of the sample mean and standard deviation, estimated from J = 5000 realizations.
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Application to the generalized Langevin equation

MC estimation of E[u(t)] and E[v(#)] for v = 1075, with £3s confidence interval

36000

35000

34000

33000

32000

31000

000 —— MC/No control
29000 —— MC/Underdamped
- Dsnd/’y
28000 3 " ; ! ‘
t x100

Figure: Statistics of the naive and improved estimators, estimated from J = 5000 realizations.
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Scaling of the mobility in dimension 2

Potential considered:

1 N
V(a) = — ((cos(@) + cos(gz) ) = cos(a) cos(qz)
In this case, D is isotropic, so it is sufficient to consider e = (1,0).

_£¢:p15 D(l,O) = <¢7p1>
If 6 =0, then the solution is ¢ = ¢1p ® 1.

- ° §=00,Docy "
104 o §=0.04D oy
e §=008D oy %
e §=016,D oy 0"
10° o 5=032,D oy 00
§=0.64,D ox 4052
Q10
10"
100
100 10 1073 102 107! 100
¥
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Performance

of the control variates approach in dimension 2

Relative standard deviation

Relative standard deviation

—— No control .- —— No control
-~ MC/Galerkin, & = 0.0 o~ MC/Underdamped, § = 0.0
—o- erkin, § = 0.04 o~ o o= MC/Underdamped, 6 = 0.04
-~ MC/Galerkin, & = 0.08 o~ MC/Underdamped, 6 = 0.08
-~ MC/Galerkin, & = 0.16 "~ ---- MC/Underdamped. § = 0.16
[+ MC/Galerkin, 6 =032, o~ MC/Underdamped, 6 = 0.32
0 Talerkin, 6 = 064 o MC/Underdamped, § = 0.64
e o g B
. 10
107!
0+ [0S 1077 107! 100

0= 02

m Here we take v = ¥1p ® 1.
m Variance reduction is possible if |§] /v < 1;

m Control variates are not very useful when v < 1 and § is fixed.
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Conclusions and perspectives for future work

In this talk, we presented

m new results on the scaling limits of the convergence rate and mobility for the GLE;

m a variance reduction approach for efficiently estimating the mobility.
Perspectives for future work:

m Use physics inspired neural networks (PINNSs) to solve the Poisson equation;
m Generalize the direct L?(u) hypocoercivity approach to the GLE;
m Study of the spectral method for the GLE, e.g. discrete hypocoercivity, convergence?

Thank you for your attention!
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