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Goals of molecular dynamics

• Computation of macroscopic properties from Newtonians atomistic models:

Static properties, such as

the heat capacity and
the equations of state P = P (ρ, T ).

Dynamical properties, such as transport
coefficients:

the viscosity;
the thermal conductivity;
the mobility of ions in solution. 0 200 400 600 800 1000

0

200

400

600

800

1000

1200

1400

1600

1800

Pressure (MPa)

D
e
n
s
it
y
 (

k
g
/m

^3
)

Equation of state of argon at 300K.
• ‘+’: molecular simulation;

• Solid line: experimental measurements[1].

• Numerical microscope: used in physics, biology, chemistry.

[1] https://webbook.nist.gov/chemistry/fluid/
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Common models in molecular simulation

We consider the following hierarchy of models:

q̇ = −∇V (q) +
√

2β−1 Ẇ, (OL)

q̈ = −∇V (q)− γ q̇+
√

2γ β−1 Ẇ, (L)

q̈ = −∇V (q)−
∫ t

0

γ̂(t− s) q̇(s) ds+ F(t). (GLE)

where

V is a potential, in this talk periodic;

γ is the friction coefficient;

γ̂(·) is the memory kernel;

F is a stationary non-Markovian noise process.

The kernel γ̂(·) and the noise F are related by the fluctuation/dissipation relation:

E
[
F(t)⊗ F(s)

]
= β−1 γ̂(t− s)Id.
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Definition of the mobility

Consider for example the one-particle Langevin dynamics with added forcing:

q̈ = −∇V (q) + ηe− γ q̇+
√

2 γ β−1 Ẇ.

This equation may be rewritten as a system for the position and momentum:{
dqt = pt dt,

dpt = −∇V (qt) dt+ ηedt− γpt dt+
√

2γβ−1 dWt.

This dynamics admits a unique invariant probability distribution µη ∈ P(Td ×Rd).

Definition (Mobility)

The mobility in direction e is defined mathematically as

Me = lim
η→0

1

η
Eµη [e

Tp]

≈ factor relating the mean momentum to the strength of the inducing forcing.

Einstein’s relation: De = βMe, with De the effective diffusion coefficient in direction e.

Introduction – Mobility and effective diffusion 6 / 37



Effective diffusion

For many Langevin-like models in molecular dynamics, it is possible to show a functional
central limit theorem:

εq(s/ε2) −−−→
ε→0

√
2DW (s) weakly on C([0,∞)).

In particular, q(t)/
√
t −−−→

t→∞
N (0, 2D) weakly.

Figure: Histogram of q(t) in the potential V (q) = − cos(q)/2 represented in the background.
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Open question: surface diffusion when γ ≪ 1[2]

Applications:

integrated circuits;

catalysis.

Open question: behavior of the effective diffusion coefficient when γ ≪ 1?

D = lim
t→∞

⟨|q(t)|2⟩
4t

∼ γ−σ, σ =???

Difficulty: slow convergence of Monte Carlo methods when γ is small.

[2] Source of the video: https://en.wikipedia.org/wiki/Surface_diffusion
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Some background material on the Langevin equation

The (one-particle) Langevin equation can be rewritten as{
dqt = pt dt,

dpt = −∇V (qt) dt−γpt dt+
√

2γβ−1 dWt.

The dynamics is composed of a Hamiltonian part and a fluctuation/dissipation part;

The invariant probability measure is

µ(q,p) =
1

Z
e−βH(q,p) =

1

Z
e
−β

(
V (q)+

|p|2
2

)
, on Td ×Rd.

The generator of the associated Markov semigroup(
eLLt φ

)
(q,p) = E

(
φ(qt,pt)

∣∣(q0,p0) = (q,p)
)

is a hypoelliptic, hypocoercive operator:

LL =

(
p
∂

∂q
− V ′(q)

∂

∂p

)
+ γ

(
−p ∂

∂p
+ β−1 ∂

2

∂p2

)
=: Lham + γ LFD.
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Langevin dynamics: underdamped and overdamped regimes[3]

Figure: Langevin dynamics with friction γ = 0.1 (left) and γ = 10 (right)

Underdamped limit: as γ → 0 in dimension 1, the Hamiltonian H(qt/γ , pt/γ)
converges weakly to a diffusion process on a graph.

Overdamped limit: as γ → ∞, the rescaled position q(γt) converges weakly to the
solution of the overdamped Langevin equation:

q̇ = −∇V (q) +
√

2β−1 Ẇ.

[3] M. Hairer and G. A. Pavliotis. From ballistic to diffusive behavior in periodic potentials. J. Stat.
Phys., 2008.
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Mathematical expression for the effective diffusion (1 dimension)

The effective diffusion coefficient is given by where D = ⟨ϕ, p⟩ and ϕ is the solution to

−LLϕ = p, ϕ ∈ L2
0(µ) :=

{
u ∈ L2(µ) : ⟨u, 1⟩ = 0

}
.

Sketch of the proof: Applying Itô’s formula to ϕ,

dϕ(qs, ps) = ps ds+
√

2γβ−1
∂ϕ

∂p
(qs, ps) dWs.

Therefore,

ε(qt/ε2 − q0) = ε

∫ t/ε2

0

ps ds

= ε(ϕ(qt/ε2 , pt/ε2)− ϕ(q0, p0))︸ ︷︷ ︸
→0 in Lp(Ω, C([0, T ],R))

+
√

2γβ−1ε

∫ t/ε2

0

∂ϕ

∂p
(qs, ps) dWs,︸ ︷︷ ︸

→
√

2DWt weakly in C([0,∞)) by MCLT

where

D = γβ−1

∫
|∂pϕ(q, p)|2 µ(dq dp) = ⟨ϕ, p⟩ .
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Scaling of the effective diffusion coefficient for Langevin dynamics[4]

In dimension 1, limγ→0 γD
γ = Dund and limγ→∞ γDγ = Dovd.

How does the mobility scale for the generalized Langevin equation?

What about the multidimensional setting? The limit γ → 0 is not well understood.

How can we efficiently estimate the effective diffusion coefficient when γ ≪ 1?

[4] G. A. Pavliotis and A. Vogiannou. Diffusive transport in periodic potentials: underdamped
dynamics. Fluct. Noise Lett., 2008.
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Quasi-Markovian approximation of the GLE (one dimension)

When the memory kernel is of the form

γ̂(t) =
〈
e−A|t| λ,λ

〉
,

for (possibly nonsymmetric) A ∈ Rn×n with nonnegative eigenvalues and λ ∈ Rn, the
GLE is equivalent to

dq = p dt,

dp = −V ′(q) dt+ ⟨λ, z⟩ dt,

dz = −pλdt−Az dt+ΣdWt, z(0) ∼ N (0, β−1I),

where Σ ∈ Rn×n is related to A by the fluctuation/dissipation relation:

ΣΣT = β−1 (A+AT ).

The noise acts only on z!
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The simplest quasi-Markovian GLE

In this talk we consider for simplicity

dqt = pt dt,

dpt = −V ′(qt) dt+

√
γ

ν
zt dt,

dzt = −
√
γ

ν
pt dt−

1

ν2
zt dt+

√
2β−1

ν2
dWt, z0 ∼ N (0, β−1)

The associated memory kernel is given by

γ̂(t) =
γ

ν2
e
− |t|

ν2

γ encodes the friction.

ν encodes the memory. As ν → 0 we recover the Langevin equation[5] with friction∫ ∞

0

γ̂(t) dt = γ.

[5] M. Ottobre and G. A. Pavliotis. Asymptotic analysis for the generalized Langevin equation.
Nonlinearity, 2011.
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Generator and effective diffusion

Invariant probability measure:

µ(dq dp dz) =
1

Z
exp

(
−β

(
H(q, p) + z2

))
, H(q, p) = V (q) +

p2

2

Generator of the associated Markov process:

L = (p ∂q − V ′(q) ∂p) +
√
γ

ν
(z∂p − p∂z) +

1
ν2

(
−z∂z + β−1∂2

z

)
= 1

β

(
∂∗
p∂q − ∂∗

q∂p
)
+

√
γ

νβ
(∂∗

z∂p − ∂∗
p∂z)︸ ︷︷ ︸

=:B

− 1
ν2 ∂

∗
z ∂z︸ ︷︷ ︸

=:A∗A

where ∂∗
q , ∂

∗
p , ∂

∗
z are the formal L2(µ) adjoints of ∂q, ∂p, ∂z.

The effective diffusion coefficient can be obtained by solving a Poisson equation:

−Lϕ = p,

Dγ,ν = ⟨ϕ, p⟩ .
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Recipe for proving L2(µ) scaling limits for the Poisson equation

Show exponential convergence of the Markov semigroup[6]:

∥ eLt f∥ ≤ C e−λ(γ,ν)t ∥f∥ , λ(γ, ν) = λ̄ min

(
γ,

1

γ
,
γ

ν4

)
for all f ∈ L2

0(µ) :=
{
u ∈ L2(µ) : ⟨u, 1⟩ = 0

}
Deduce bounds on the resolvent:

−L−1 =

∫ ∞

0

eLt dt ⇒
∥∥L−1

∥∥
B(L2

0(µ))
≤ C

λ̄
max

(
γ,

1

γ
,
ν4

γ

)
.

(Considering e.g. ν → 0) Use formal asymptotics to construct ϕ̃ such that

−L(ϕ− ϕ̃) = νR and ∥R∥ ≤ C ∀ν ∈ (0, 1).

(Considering e.g. ν → 0) Conclude that

lim
ν→0

∥∥∥ϕ− ϕ̃
∥∥∥ = lim

ν→0

∥∥νL−1R
∥∥ = 0.

[6] M. Ottobre and G. A. Pavliotis. Asymptotic analysis for the generalized Langevin equation.
Nonlinearity, 2011.
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Long-time behavior of eLt using hypocoercivity[7]

From the decomposition L = B −A∗A, we observe that

⟨−Lh, h⟩L2(µ) = ∥Au∥2 = ν−2 β−1 ∥∂zh∥2L2(µ) → L is not coercive!

Hypocoercivity: introduce a modified inner product ((·, ·)) of the form

((h, h)) = ∥h∥2 + a0 ∥∂zh∥2 + a1 ∥∂ph∥2 + a2 ∥∂qh∥2 − 2b0 ⟨∂zh, ∂ph⟩ − 2b1 ⟨∂ph, ∂qh⟩

Goal: find parameters (a0, a1, a2, b0, b1) such that

the norm
√

((h, h)) is equivalent to the standard norm on H1(µ);

the inequality −((Lh, h)) ≥ λ(γ, ν)((h, h)) holds for all sufficiently regular h.

Then exponential convergence in H1(µ) then follows from Grönwall’s inequality:

1

2

d

dt
((eLt h, eLt h)) = ((L eLt h, eLt h)) ≤ −λ(γ, ν)((eLt h, eLt h)),

⇒ ((eLt h, eLt h)) ≤ e−2λ(γ,ν)t ((h, h)).

Difficulty: Obtain the right dependence on γ and ν.

[7] C. Villani. Hypocoercivity. Mem. Amer. Math. Soc., 2009.
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Sketch of the proof

Assumptions: µ satisfies a Poincaré inequality and V ′′ is uniformly bounded.

By the Cauchy–Schwarz inequality, we obtain

((h, h))− ∥h∥2 ≥

 ∥∂zh∥
∥∂ph∥
∥∂qh∥

T  a0 −b0 0

−b0 a1 −b1
0 −b1 a2


︸ ︷︷ ︸

:=M1

 ∥∂zh∥
∥∂ph∥
∥∂qh∥

,

On the other hand, after some calculations,

−((h,Lh)) ≥

 ∥∂z ∂zh∥
∥∂z ∂ph∥
∥∂z ∂qh∥

T

(ν−2 β−1 M1)

 ∥∂z ∂zh∥
∥∂z ∂ph∥
∥∂z ∂qh∥

+

 ∥∂zh∥
∥∂ph∥
∥∂qh∥

T

M2

 ∥∂zh∥
∥∂ph∥
∥∂qh∥

,
Thus, it is sufficient to find small coefficients (a0, a1, a2, b0, b1) such that

M1 ≻ 0 and M2 ≽ C min

(
γ,

1

γ
,
γ

ν4

)
I.

The proof is concluded by using Poincaré’s inequality for µ.
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From H1(µ) to L2(µ) hypocoercivity

For our purposes, exponential convergence L2(µ) is required.

Recent direct approach[8] based on introducing Qt = eLt eL
∗t and using an inequality

for self-adjoint operators.

Hypoelliptic regularization[9],[10]: Introduce

Nh(t) = ∥h∥2 + a0 t
∥∥∂z etL h∥∥2

+ a1 t
3
∥∥∂p etL h∥∥2

+ a2 t
5
∥∥∂q etL h∥∥2

− 2 b0 t
2
〈
∂z e

tL h, ∂p e
tL h

〉
− 2 b1 t

4
〈
∂p e

tL h, ∂q e
tL h

〉
,

and show that

d

dt

(
Nh(t)

)
≤ 0 ∀t ∈ [0, 1] ⇒ ((eL h, eL h)) ≤ ∥h∥2 .

From this we deduce ∥ eLt h∥ = ∥ eL(t−1) eL h∥ ≤ C e−λ̄min
(
γ,γ−1,γν−4

)
t ∥h∥ .

[8] G. Deligiannidis, D. Paulin, A. Bouchard-Côté, and A. Doucet. Randomized Hamiltonian
Monte Carlo as Scaling Limit of the Bouncy Particle Sampler and Dimension-Free Convergence Rates.
arXiv e-prints, 2018.

[9] F. Hérau. Short and long time behavior of the Fokker-Planck equation in a confining potential and
applications. J. Funct. Anal., 2007.

[10] M. Ottobre and G. A. Pavliotis. Asymptotic analysis for the generalized Langevin equation.
Nonlinearity, 2011.
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The obtained decay rate is sharp

When V is quadratic, our GLE is an Ornstein–Uhlenbeck process:

Ẋ = DX dt+ σ dW,

Therefore[11], the spectrum of L is given by

σ(L) =

 ∑
ℓ∈σ(D)

ℓ kℓ, kℓ ∈ N≥0

 .

The characteristic polynomial of D is

p(λ) = λ3 +
λ2

ν2
+
λγ

ν2
+ λ+

1

ν2
.

The decay rate λ of etL corresponds to the root of p with largest real part.

By asymptotic analysis, we can rigorously obtain the scaling w.r.t. γ and ν of λ.

The obtained scalings match our general findings.

[11] G. Metafune, D. Pallara, and E. Priola. Spectrum of Ornstein-Uhlenbeck operators in Lp spaces
with respect to invariant measures. J. Funct. Anal., 2002.
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Decay in L2(µ): summary of our results

The rates in red correspond to V (q) = k q2

2
.

ν
2 =

γ

γ = 1

ν = 1

λ = O( γ
ν4 )

λ = O( 1
γ
)λ = O(γ)

0 1

1

γ
1+γ

ν2

1+ν2

λ ≈ γ
2kν4

λ
≈

k γ

λ
≈

γ
2
(k

ν
4
+
1
)

γ = 2
√
k

λ ≈ γ
2 λ ≈ 1

2
(γ −

√
γ2 − 4k)
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Effective diffusion: limits of interest in dimension 1

The underdamped limit: γ → 0;

The overdamped limit: γ → ∞;

The short memory limit: ν → 0.

Summary of our results:

Dund γDγ Dovd

Dν
und γDγ,ν

γ → ∞

γ → 0

γ → 0 γ → ∞

ν → 0 ν → 0

Strategy of proof:

Identify the limiting solutions to the Poisson equations by formal asymptotics,

Justify these limits rigorously by employing L2
0(µ) resolvent estimate.

Take the limit in Dγ,ν = ⟨ϕ, p⟩.
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Open question

Consider again the Langevin dynamics with now (qt, pt) ∈ (Rd ×Rd):{
dqt = pt dt,

dpt = −∇V (qt) dt− γpt dt+
√

2γβ−1 dWt.

In dimension > 1, it does not hold that γDγ −−−→
γ→0

Dund when V is non separable, e.g.

V (q) = −1

2

(
cos(q1) + cos(q2)

)
− δ cos(q1) cos(q2)

Open question

How does Dγ behave when γ ≪ 1? Does it hold that

Dγ ∝ γ−σ, where σ = σ(δ)?

Theoretically, very little is known when d > 1. We will resort to Monte Carlo simulations.
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Numerical approaches for calculating the effective diffusion coefficient

Linear response approach:

D = lim
η→0

1

η
Eµη p.

where µη is the invariant distribution of the system with external forcing.

Green–Kubo formula: Since −L−1 =
∫∞
0

etL dt,

D =

∫
(−L−1p) p dµ =

∫ ∞

0

∫
(etL p)p dµ dt =

∫ ∞

0

Eµ(p0pt) dt.

Einstein’s relation:

D = lim
t→∞

1

2t
E
∣∣q(t)− q(0)

∣∣2.
Fourier/Hermite Galerkin method for the Poisson equation.
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Challenge in the underdamped limit: slowly decreasing bias

Consider the following estimator of the effective diffusion coefficient De:

u(T ) =

∣∣eT(qT − q0)
∣∣2

2T
, (q0,p0) ∼ µ.

Study of the bias:

E
[
u(T )

]
=

∫ ∞

0

〈
etL(eTp), eTp

〉
dt−

∫ ∞

0

〈
etL(eTp), eTp

〉
min

{
1,
t

T

}
dt

= De −
∫ ∞

0

〈
etL(eTp), eTp

〉
min

{
1,
t

T

}
dt.

Using the decay estimate for the semigroup∥∥∥etL f∥∥∥
B(L2

0(µ))
≤ L e−ℓmin{γ,γ−1},

we deduce

|E[u(T )]−De| ≤
Cmax{γ2, γ−2}

T
.
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Variance of the estimator u(T ) for large T

For T ≫ 1, it holds approximately that

eT(qT − q0)√
2T

∼ N (0, De) ⇒ u(T ) =

∣∣eT(qT − q0)
∣∣2

2DeT
∼ χ2(1).

Therefore, we deduce
lim

T→∞
V
[
u(T )

]
= 2D2

e.

The relative standard deviation (asymptotically as T → ∞)

lim
T→∞

√
V
[
u(T )

]
E
[
u(T )

] =
√
2

is therefore independent of γ and T .

Scaling of the mean square error when using J realizations

Assuming an asymptotic scaling as γ−σ of De, we have

∀γ ∈ (0, 1),
MSE

D2
e

≤ C

γ4−2σT 2
+

2

J
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Variance reduction using control variates

Let ϕ denote the solution to the Poisson equation

−Lϕe(q, p) = eTp, ϕ ∈ L2
0(µ).

and let ψe denote an approximation of ϕe. By Itô’s formula, we obtain

ϕe(qT ,pT )− ϕe(q0,p0) = −
∫ T

0

eTpt dt+
√

2γβ−1

∫ T

0

∇pϕe(qt,pt) · dwt.

Therefore

eT(qt − q0) =

∫ T

0

eTpt dt

≈ −ψe(qT ,pT ) + ψe(q0,p0) +
√

2γβ−1

∫ T

0

∇pψe(qt,pt) · dwt =: ξt.

which suggests the improved estimator

v(T ) =

∣∣eT(qT − q0)
∣∣2

2T
−

(
|ξt|2

2T
− lim

T→∞
E

[
|ξt|2

2T

])
.
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Properties of the improved estimator

Smaller bias if −Lψe ≈ eTp:∣∣E[
v(T )

]
−Dγ

e

∣∣ ≤ Lmax{γ2, γ−2}
Tℓ2

∥∥∥eTp+ Lψe

∥∥∥(β−1/2 + ∥Lψe∥
)
.

Smaller variance:

V
[
v(T )

]
≤ C

(
T−1 ∥ϕe − ψe∥2L4(µ) + γ ∥∇pϕe −∇pψe∥2L4(µ)

)
×

(
T−1 ∥ϕe + ψe∥2L4(µ) + γ ∥∇pϕe +∇pψe∥2L4(µ)

)
.

Construction of ψe: we consider two approaches

Approximate the solution to the Poisson equation by a Galerkin method.

(in one dimension) Use asymptotic result for the Poisson equation:

γϕ
L2(µ)−−−−→
γ→0

ϕund,

which suggests letting ψ = ϕund/γ.
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Fourier/Hermite Galerkin method

Saddle-point formulation[12]: find (ΦN , αN ) ∈ VN ×R such that

−ΠN LΠNΦN + αNuN = ΠNp,

⟨ΦN , uN ⟩ = 0, (2)

where

ΠN is the L2 (µ) projection operator on a finite-dimensional subspace VN ,

uN = ΠN1/ ∥ΠN1∥. Eq. (2) ensures that the system is well-conditioned.

For VN , we use the following basis functions:

ei,j =
(
Z eβ(H(q,p)+|z|2)

) 1
2
Gi(q)Hj(p), 0 ≤ i, j ≤ N,

where (Gi)i≥0 are trigonometric functions and (Hj)i≥ 0 are Hermite polynomials.

[12] J. Roussel and G. Stoltz. Spectral methods for Langevin dynamics and associated error estimates.
ESAIM: Math. Model. Numer. Anal., 2018.
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Numerical experiments for the one-dimensional case (1/2)
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Numerical experiments for the one-dimensional case (2/2)
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Figure: Evolution of the sample mean and standard deviation, estimated from J = 5000 realizations.
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Application to the generalized Langevin equation
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Figure: Statistics of the naive and improved estimators, estimated from J = 5000 realizations.
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Scaling of the mobility in dimension 2

Potential considered:

V (q) = −1

2

(
cos(q1) + cos(q2)

)
− δ cos(q1) cos(q2)

In this case, D is isotropic, so it is sufficient to consider e = (1, 0).

−Lϕ = p1, D(1,0) = ⟨ϕ, p1⟩ .
If δ = 0, then the solution is ϕ = ϕ1D ⊗ 1.
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Performance of the control variates approach in dimension 2
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Here we take ψ = ψ1D ⊗ 1.

Variance reduction is possible if |δ| /γ ≪ 1;

Control variates are not very useful when γ ≪ 1 and δ is fixed.
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Conclusions and perspectives for future work

In this talk, we presented

new results on the scaling limits of the convergence rate and mobility for the GLE;

a variance reduction approach for efficiently estimating the mobility.

Perspectives for future work:

Use physics inspired neural networks (PINNs) to solve the Poisson equation;

Generalize the direct L2(µ) hypocoercivity approach to the GLE;

Study of the spectral method for the GLE, e.g. discrete hypocoercivity, convergence?

Thank you for your attention!
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