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The discrete-time filtering problem

State dynamics and observations

Stochastic dynamics: Un+1 = U(vn) + &n, & ~ N(0, %),
Data model: Yn+1 = h('l}n+1) —+ NMn+1, Nn+1 ~ N(O7 F)

Independence assumption:
vo L {&n} L {nn}

Initial state: vo ~ N(mo, Co).

Notations:

8 {Un}nefo,n] is the unknown state in R
8 {yn}nep,ny are the observations in RY.
B ¥: R 5 R? and h: R* — R¥ are nonlinear operators.

Y, = {yI, ...,y}} is a given realization of the data up to time n.
Goal: Approximate sequentially Law (v, |Y;]).
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Key Linear Operators on P

Definition of P, G

m P(R") : all probability measures on R".

m G(R") : all Gaussian probability measures on R".

Definition of
: P(RY) — P(R?) is the linear operator:

m(w)

_ \/ﬁ /exp <—%|u - \If(v)|22) )

Definition of
: P(RY) — P(R® x R¥) is the linear operator:

Xp (—%!y = h(U)!i) 7(u).

) R S
Y (2m)K det T
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Unconditioned Dynamics

State dynamics and observations

Stochastic dynamics: Unt1 = U(vp) + &n, &n ~ N(0, ),
Data model: Yn+1 = h('l}n+1) —+ NMn+1, Nn+1 ~ N(O7 F)

Independence assumption:
vo L {&n} L {nn}

Initial state: vo ~ N(mo, Co).

Evolution of unconditioned dynamics

Let vy, ~ 7 and (Un,Yn) ~ Xn. Then

Tn+l = P7Tn7

Xn+1 = Q7Tn+1
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Evolution of the true filtering distribution

Key Nonlinear Operator on P: conditioning
B(e;y"): PR x R¥) — P(R?) describes conditioning on observation y = y:

(u,y")
B(PHJT)(U) = m.

Probability Viewpoint (Nonlinear)

Notation: Y, = {y}}?zl, vn|YJ ~ Ll

ﬁn+1 = P/Lny 'l)n+1|Y7:r ~ ﬁn+1
Pnt1 = Qﬁn+1? (Un+17yn+1)|yrj ~ Pn+1
tn+1 = B(pn+1; yIH_l), conditioning.

Schematically,

Law (vn|Y1) 25 Law(vn1|Y,) =5 Law(vs41]Y,1, ).
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The True Filter

Sequential Interleaving of Prediction and Bayes Theorem

P iun, is prior prediction; | (e;9) := B(e;57) o Q maps prior to posterior:

Hn41 = B(Qpﬂn§yl+1)7
o = Ll v

Particle Filter!!!
ST P(R") x Q — P(R") is empirical approximation operator:

1
iid.

j § vj Vi o~ M

S7 is thus a random approximation of the identity operator on P(R").

i PF
prgy = LSTPuT iyl 1)

[1] A. Doucer, N. de FrEITAS, and N. GORDON, editors. Statistics for Engineering and
Information Science. Springer-Verlag, New York, 2001.
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Convergence of the Particle Filter (1/2)

Convergence of the particle filter?[]

¢ 2
nbn ) < —= , V) = E(u[f] —
Ogs:gNd(u NS ) Nai d(p,v) ‘flllg (ulf] = vif]),

Comments on proofl*[s]

Metric d(e, ¢) on random probability measures:

m Reduces to TV between deterministic measures.

m Consistency + Stability Implies Convergence.
1

VI

m Stability: P, L Lipschitz in d(e, ).

Suffers from weight collapse.

m Consistency: d(S”p, u) <

[2] P. DEL MoRrAL. C. R. Acad. Sci. Paris Sér. | Math., 1997.

[3] P. DEL MORAL and A. GUIONNET. Ann. Inst. H. Poincaré Probab. Statist., 2001.
[4] P. REBESCHINI and R. van HANDEL. Ann. Appl. Probab., 2015.

[5] D. SANZ-ALONSO, A. STUART, and A. TAEB. Cambridge University Press, 2023.
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Convergence of the Particle Filter (2/2)

True filtering distribution and particle filter:
pnt1 = L( Hn§yl+1)
,“/55:1 =L( / NEF;ZJILH)-
Sketch of proof

Consistency. Monte Carlo error

Vue PRY),  d(S7pp) <

-

Stability. Under appropriate assumptions,
V() € PRYXPRY),  d(Pu,Py) <d(u,v),  d(Lplv) < Lod(u,v).
Main argument.
d(fint1, finy1) <5Ld( fin,S” MEF)
< £2d (Ppim, Pr” ) + £2d (Pus, S7Pur")

<lrd (un,uEF) + %L
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Particle Filter (Weight Collapse)

B =) +€9, o9 ~ uEF

)

Lo
9, =exp (~Luhs ~ @A),

Nn+1 = Zw;-?—lé/\(ﬂila ’Wffﬂ = 553-1 Z 65:-7)1

Ensemble Kalman Filter (No Weight Collapse!)

37(])1 = h(A’fgll) + 77221:

L]J)rl = @(L]ll +c% (PEEiJ)ny( il J) (y;rH—l 9

Pr+1 Yn+1)s
PEK
Prti JE O (o) o) )’

n+1’yn+1
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The ensemble Kalman filter from a mean field perspectivel® (1/2)

Block Form Of State-Data Covariance
Write covariance under p € P(R* x R¥) as:

= (iar onip)

Mean field ensemble Kalman filter

f)\n+1 :\I/(Un)+£n, §n ~ N(Ov 2)7
Un+1 = h(Ons1) + Nnt1, Nn+1 ~ N(O, I).

s = B + € (PO () ™ (s = o),
(/ﬁn+17§n+1) ~ pg_ﬁfl

Approximate filtering distribution pE% = Law(vy,).

[6] E. CaLvELLO, S. REICH, and A. M. STUART. Acta Numerica, 2025.
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Evolution equation for the approximate filtering distribution

Key Nonlinear Operator on P
T(e;9): P(R? x RF) — P(R?) approximates conditioning of p on y = y:
(e, %;0,0"): R* x RF 5 RY,
(v,y) = v +C™(p)C" (0) "' (y' — ),
T(piy') = (T(e, % 0,9N),p-

With this notation:

Hn+1 = B(QPHMZJJ;-H)
g = TQP S5yl ), o™ = po.

Key fact: T(s;y") = B(e;y") for Gaussian inputs.

~~ mean field ensemble Kalman is exact in the Gaussian setting.
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Towards an error estimate for mean field EnKF

Best Gaussian Approximation in KL

G:P—g,
G = argmin, g dxr(7[|p)-
More concretely, Gm = N(mean, cov).

Weighted TV Metric
Let g(v) =1+ |v|>.

dolpin, p2) = sup |pualf] = palfl], w1 = / F () ().

IfI<
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Closeness of exact filter and EnKF (1/2)

Definition
Measure of how close true filter {/,} is to being Gaussian:

€ := Sup ogn<N dg(GQPLin, QP uy).

Theorem[”]
Let u&™ = 110 and assume that || U]/, ||h||L and |h|co.1 are bounded by 7.
Then there is C := C(N,r) > 0 such that

sup dg (umuEK) < Ce.
0<n<N

[7] J. A. CARRILLO, F. HOFFMANN, A. M. STUART, and U. VAES. arXiv preprint, 2022.
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Closeness of exact filter and EnKF (2/2)

Assumptions

m Data YjT lies in set

By = {YJr e R*7 . max |y;| < ny}.

(A

B Uo: R — R?% and ho: RY — RX are constant functions.

Denote by By ,(r) the set (U, h) satisfying ¥ € Bro (Vo,7), h € Broo (ho, 7).

Corollary!®l

Suppose that the assumptions of the previous theorem and the assumption
above are satisfied. Then for any € > 0 there is § > 0 such that

EK
sup sup ( sup  dg(tin, fin )) <e
yfeB, (¥,h)€By ,(5) \OSnIN

[8] J. A. CARRILLO, F. HOFFMANN, A. M. STUART, and U. VAES. arXiv preprint, 2022.
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Ingredients of the proof (1/1)

Linear Maps P, Q
The maps P, O are globally Lipschitz on P(R?) in dg.

Nonlinear Conditioning Map BY'
The maps BY' () := B(e;y') satisfy:

Vi e P(RY)  dy(BY (GQPp), BY' (QPw)) < £5 dg(GQPw, QPp) -
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Ingredients of the proof (2/2)

Let Pg denote the following subset of probability measures
Pr(R") = {u e P(R"): max{|mean(;t)|, |cov(/1)|%7 |COV([L)|_%} < R}.
Using linearity of T, which defines nonlinear map '

Approximate Nonlinear Conditioning Map T
The maps TyT( ) := T(e;y") satisfy, using ¥ bounded,

V(i p) € P(RY) x Pr(R? x R¥),
dy (T (QPw), T¥' (p)) < €r(R) dg(QPp, p),

Moment bounds

Assume that || U|| L, |||z and X, I" = 0. Then there is R such that
Im(QP) € Pr(RK)
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Proof of Theorem

Strategy: Consistency + Stability Implies Convergence
Since T¥n+1(Ge) = BYnt1(Ge) we have
dy (B nr) = dg (T941 (QPUER), B+ (QPyn) )
< dy (T3 (QPER), TV (QPpn) )
o+ dy (T9+1 (QPpan), T3 (GQP1in)
o+ d (T9+ (GQPjin), B¥41(QP1n))
< er(R)dy (QPU™S, QPpn)
+ 2(R) dy (QPjin, GQPpn)
+d, (Byl+1 (GQP i), BYh1 (QPpn))

< cdg (™, pn) + (br(R) + €5) e.
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The Gaussian projected filterl]

The Gaussian projected filter is defined by the iteration
HSEl = B(GQPMSFvyL+1)~
Remarks:

m corresponds to mean field version of unscented Kalman filter.

m This evolution may be rewritten in the form
GF GF
Hnt1 = GT(QPpy, 7yIL+1)' (3)

m Reproduces the exact filtering distribution in linear Gaussian setting.

[9] E. CaLvELLO, S. REICH, and A. M. STUART. Acta Numerica, 2025.
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Closeness of exact filter and Gaussian projected filter

Theorem[10

Let 5T = 110 and assume that | ¥|| L, ||h||ze are bounded by . Then there
is C := C(N,r) > 0 such that

sup dyg (un,MSK) <Ce,  €:=supogn<n dg(GQPun, QPuy).
os<n<N

Corollary

In addition to the assumptions of the theorem, suppose that
m the data is bounded in norm by x,,
m Yy, ho are constant functions.

Then for any € > 0 there is § > 0 such that

GF
sup sup ( sup  dg(tn, tin )) <e
YieB, (¥,h)€By 4(8) \0Sn<N

[10] J. A. CARRILLO, F. HOFFMANN, A. M. STUART, and U. VAES. arXiv preprint, 2022.
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Additional ingredients for the proof

Linear Map G
The map G is locally Lipschitz on Pr(R?) in d,.

V(u,v) € PROR) X Pr(R"),  dyg(Gpr, Gr) < L6(R) dy(p,v).

Nonlinear map B

The map B is locally Lipschitz on Gr(R?) in d,.

V(n,v) € Gr(R") X Gr(R),  dy(B(1iy"), Bw,y")) < lo(R) dy(n,v).
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Proof of the theorem

With BY" = B(e, 1), we have
GF y* GF y*
dg(Hnt1, 1) = dg (B n 1 (GQPuy ), B "+1(QPﬂn))
< dyg (Bylﬂ (GQPuSF), S (Gqun))
t t
+dy (%41 (GQPpn), B¥41 (QPpa)
< tr(B)dy (COPET, QP )

+(B(R)dy (GQPum QPun))
< edg(1e”, pin) + £5(R)e.
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Conclusions and perspectives



Perspectives for future work

Control growth of error with N;

Extend to continuous-time setting;
Extend to unbounded setting (in progress);
Extend to particle approximations!!!);

Relax assumptions of non-zero noises;
[12]

Extend to other transport maps

[11] F. LE GraND, V. MONBET, and V.-D. TRAN. In The Oxford handbook of nonlinear
filtering. Oxford Univ. Press, Oxford, 2011.
[12] E. CaLvELLO, S. REICcH, and A. M. STUART. Acta Numerica, 2025.
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Perspectives for future work

Control growth of error with N;

Extend to continuous-time setting;
Extend to unbounded setting (in progress);
Extend to particle approximations!!!);

Relax assumptions of non-zero noises;
[12]

Extend to other transport maps

Thank you for your attention!

[11] F. LE GraNnD, V. MONBET, and V.-D. TRAN. In The Oxford handbook of nonlinear
filtering. Oxford Univ. Press, Oxford, 2011.
[12] E. CaLvELLO, S. REICcH, and A. M. STUART. Acta Numerica, 2025.
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