Variance Reduction by Conditioning

Once again, suppose we wish to estimate E[Z] for some random variable Z. Clearly, if Z, =
E[Z | W] for some random variable W, then

To compute the variance of the random variable Z, we use the law of total variance

Lemma 1. Let X and Y be random variables such that variance of Y is finite, then
Var(Y] =Ex [VarlY | X]] + Varx (E]Y | X]).

Proof.

Var[Y] = E[Y?] — (E[Y])
— E [E[Y?| X]] — (E[E[Y | X]])?,

using the law of total expectation. Now
2 2
E [E[Y?| X]] :E[varmXH(E[yyX]) }
and using the fact that
Var [E[Y | X]] = E[E[Y | X]*] - (E[E[Y | X]])?,
then the result follows. ]

Applying the above lemma with Y = Z and X = W we obtain:

Var[Z] = Var(E(Z |W)) + E (Var [Z | W])
= Var(Z.) + E (Var [Z|W]) > Var(Z.),

Thus by conditioning Z with respect to any random variable W we always get a reduction in
variance. This motivates the idea of carefully choosing W so that the conditional expectation is

computable and gives a signficant variance reduction.

Example 1. Consider the problem of approximating 7, via monte carlo integration, using E[Z],
where Z = f(Uy,Us) with
f(ulv UQ) = 41{(2@ + U% < 1})7

and where Uy, Uy ~ U(0,1). Take

Z,=E[Z|Ui]| =4P (U} <1-Uf|U)) = 4/1 - UL

We’ll approximate the reduction of variance using this estimator in the worksheets. %)



®

’6 Simvlabhon  of Stocdhashe Pco@sseb

_ \'JL W\\ NOW KQ_WS._ on -*QNJ L awmate ._ Qwucn‘f
‘bwm,govjﬁm N % Leﬂhrwous__s’iﬁtmﬂ he erLbeﬂb

W ol e Adfauton:

Dth\x’nm o&Jc (_17_ 5-’ ‘P) bﬂ e r‘obalo\b)‘\g SpAU

~oad (E, \%) o msdra'ob SpAaw. A wnh Avowy Ny

3@5@’&\; NGO v o wlldhon t% &andm_\rruuablm

4Xt £ ¢ I\’ sudn M %Of eath x.ed féT:
X{ e e candom ma\ob %ﬁem (2,5 P) 49
(B, whee T= [o®) = |-Io~ﬁ]
\L\Q )k L {3y kpown as ths mmdﬂ bpau Cmd

for s, 4&1 _state 5@4@ £ will ubm% e RS

qup{;xd witbh “*Q’\i Vﬁ\o},ﬁb(é—

\o&t—“)/\ak a sﬁc\-\a:{'\c pcouzss X AN b vaQd s

a Jaden o 4w, o ok Uk wak XW) XKL,
CXew), gk Wio@n view o shedhashe poowss in
o _WaYS

‘ g'x we L and onsider e (don- andon ) MRp
e A= RN CE %o Fxed wesz
B ' S ¢\ QQQKF\% ok M mj‘t’\ Wl€) == )(4&0)

Sy uR udeMwH Bs S0 ol Spaw with

e sl o oels fem O 40 T CfTlAI).
e Ax 4t e T and wonsider e map

wy wn X {en)E G gg( hxed e

- Ras s candom vaaiGble o Stafshod

B{ m\r\a} O \/\O\Qger\\f\f} o aQD Sl pom's
el ok ¥ hwe t

2



®

Delinihion. The Lgir\ﬁ“e dirersinnad distyilgotions (fdd )

g Ltocheshially ) eguivalent

s stfodhashe PO s K o “P\; éb"’("b"%:’“
ol Ko - valued  andom vanudilde»

X R e X))
8Qr aodvaiy ke W Gnd Oochyany howo e T

7
_L.- 4;__; e - - S I SR T, = s e

- P £, iR X Uil )

ooy b hodasti poge K ard Y

P VS, oAl beT.
T s o, K o md do @ VOGN o
de (00 e vesa) I B

Note ®ale T T
2P Ao prowsses, A oquwalont, Hhon Moy rave
e sonw __{icﬁc\,_ﬁ-p—l&o (ONEAR 1S OOk e .
_» One @ ane i Qastn O ek a£ “distribuhions
—L@wz onoe s gc\c\ e{ o stochash c _prO(ﬁSS.

“g\m_ S 0ot ARue AN (C}Q(\QMQ .

o rvpeunens @ numaend @ s\m&n\%ﬁ&}
LWe A Of\\aa dotein  aa¥ormahon  obout tas
. gxr\&e Qimensond dishilboohem o W proess -

A gssl aldencohise woold be o @gows;ex,'



Definition 2 (Indistinguishable processes). Two stochastic processes defined on the same
probability space (£, F,P) are indistinguishable if

P(X; =YiforallteT)=1.

Remark 1. Indistinguishable processes are clearly also stochastically equivalent, but the converse

does not hold. Consider for examples the processes X; = 0 and

1 ift=U,
-}/'t pu—
0 otherwise,
where U ~ U(0,1). @

Stationary stochastic processes

Definition 3. A stochastic process is called (strictly) stationary if all FDDs are invariant under
time translation: for all k£ € N, for all times ¢; € T', and {Fi}le cg,

]P(th c Fl,. . .,th S Fk) = P<X$+t1 c Fl, . 7X5+tk c Fk),

for s > 0 such that s +¢; € T, for every ¢ = 1,... k.

In particular, setting £ = 1, Definition 3 implies that the law of X; does not depend of t.
Stationary processes therefore describe phenomena which do not change in time. Let X; be a
real-valued random process on the probability space (2, F,P) with finite second moment (i.e.
X; € L2(Q,P) for all t € T). Assume that X; is strictly stationary. Then

E[Xits] = E[Xy], VseT,
from which we conclude that EX; = [EX| is constant, and moreover we have that
E[(Xt,4s = 1) (Xtgps — )] = E[( Xy, — ) (X, — )], Vs €T
This implies that the covariance function C(¢, s) only depends on the difference ¢ — s, that is

to say C(t,s) = C(t — s), which motivates the following definition.

Definition 4. A continuous time stochastic process {X;}ier is wide sense stationary (WSS) or
second-order stationary or weakly stationary if it has finite first and second moments and

1. E(X;) is constant, i.e. it does not depend on ¢;
2. cov(Xy, Xs) is a function of the difference t — s;

The function C(t — s) = cov(Xy, X) is the autocovariance function of the process X. Notice
that for mean-zero processes, C(t) = E(X;Xg), whereas C(0) = EX?, which is finite, by
assumption. Since we have assumed that X; is a real valued process, we have that C(t) = C(—t),
vt € R. From the discussion above, it is clear that a strictly stationary L?(2) random variable is
also wide-sense stationary. The converse is not true in general. An exception to this is the case

of Gaussian processes:



Lemma 5. A Gaussian process (see definition below) is strictly stationary if and only if it is

weakly stationary.

Proof. Gaussian distributions are determined by their mean vector and covariance matrix. Since
the mean and covariance of a weakly stationary process do not change when the times are shifted,

this implies that the finite dimensional distributions are invariant under time shift. O

If its autocovariance function C(-) is absolutely integrable, then a weakly stationary process
is ergodic in the following sense:

Theorem 6 (L?(£2,P) (mean-square) ergodic theorem). Let {X;};>0 be a weakly stationary

process with mean p and autocovariance function C € L' (0,00), i.e.

/Oo C(@t)] dt < co.
0

Then
1 7T 2
Th—EI;OET ::TIEI;OEOT/O Xsds —p > =0.
Proof. Let I? = [0,T] x [0,T]. We notice that, by applying Young’s inequality and using the

fact that X is mean-square integrable:

[ 15 =l 1Xi) = P a0 < 5 [ 1Xule0) = P+ 1X0(6) = s Pl (5.1
C(0)d(s,t) < oo.
J2
We can therefore apply Fubini—Tonelli’s theorem, which implies that
/ | Xs(w) — p| | Xe(w) — p| d(s,t) < 00 almost surely, (1)
12
and that the two integrals can be swapped:

/ / (Xa(w) — 1) (Xe(w) — 1) P(dw) (5, ) = / (Xa(w) — 1) (Xe(w) — ) d(s, ) P(dw).
12 QJr2

By (1), we can apply Fubini-Tonelli’s theorem again to rewrite the integral on the right-hand
side as the triple integral

/// ) (Xi(w) — p)dsdt P(dw) = / (Xs(w) —p)ds

by definition of Ep. (This level of detail for the application of Fubini-Tonelli’s theorem is not

IP’(dw) =T?Er,

necessary, but it was included here for completeness.)

We therefore obtain

Ep = f,u)ds

P() = 75 [ B(X = )X = ) d(s.t) = 75 [ Clt=s)d(s.0)

By employing the fact that C(+) is an even function and by using the change of variables u =t — s,



v = t, we obtain

9 T t 9 T 9 00
= — — = — — < —
Er T2/0 /0 C(t—s)dsdt T2/0 (T —u)C(u)du < T/o |C'(u)] du,

which, by letting T" — oo, allows us to conclude the proof.
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Karhunen—Loéve expansion

Theorem 7 (Mercer). Suppose that C(-,-) is a continuous symmetric non-negative definite

function on [a,b] X [a,b], i.e.
ch(ti’tj) cic; >0 for allm € N and t;, ..., t, in [a,b],
i=1 i=1

and let K¢ : L? (a,b) — L? (a,b) be the operator defined by

b
Kef(t) = [ s f(s)ds.
Then

e There is an orthonormal basis {¢n}nen of L? (a,b) consisting of eigenfunctions of the

operator K¢, the corresponding eigenvalues {\, }neN are nonnegative;
o The eigenfunctions corresponding to non-zero eigenvalues are continuous;

e C(-,-) admits the representation
C(s,t) = i An §n(s) Pu(t), (2)
n=1
where the convergence is absolute and uniform, i.e.
io: [An @n(s) dn(t)],
n=1

seen as a sequence of functions on [a,b] X [a,b], converges uniformly.

The full proof of Mercer’s theorem is beyond the scope of this course, so in the partial proof
below (included for information purposes) we will restrict our attention to the first two claims.

To this end we will admit without proof two auxiliary results:

Theorem 8 (Arzela—Ascoli). Consider a sequence of real-valued continuous functions { fn}neN,
defined on a closed and bounded interval [a,b]. If this sequence is uniformly bounded and

uniformly equicontinuous, then there exists a subsequence {fn, }ken that converges uniformly.

Theorem 9 (Spectral theorem for compact self-adjoint operators). Suppose that K : H — H is a
compact self-adjoint operator on a separable infinite-dimensional Hilbert space. Then there exists
a basis {ontnen of consisting of eigenfunctions of K. In addition, the corresponding eigenvalues
are real \,, — 0 as n — 0.

Partial proof of Mercer’s theorem. The operator K¢ is clearly self-adjoint in L? (a,b) because,
denoting by (-, -) the inner product on L? (a,b) and employing Fubini’s theorem, we have

b b
WigeL?(ab), (Kef.g) = / / C(s,1) f(s) g(t) dsdt = (f, Kcg)

11



We now show that K is compact, which will enable us to use the spectral theorem for compact
self-adjoint operators. To this end, let {f,}nen be sequence of functions bounded in L? (a,b),
ie. ||fall € A < oo for all n, where || - || denotes the norm of L? (a,b). We will show that
the mapped sequence { K¢ fp, }nen is uniformly bounded and uniformly equicontinuous. Since
C(-,-) is continuous on the compact set [a,b] X [a,b], it admits a maximum M < oo on that set.
Therefore, for all n and all ¢ € [a, b] it holds that

b b
Ko fuld) s/ 1C(5.1) fuls)|ds < M/ Fuls)] x 1ds < M |Lfull 1] < M A1),

which shows the uniform boundedness. (Here we employed the Cauchy—Schwarz inequality.) Let
us now denote by w(-) the modulus of continuity of C(-,-), i.e. w(-) is such that

’C(Sl,tl) — C(Sg,t2)| S w(\/(SQ - 81)2 + (tg - t1)2) V(Sl,tl), (Sg,tg) S [a, b] X [a,b].

With this notation, for any s,t € [a,b] and any n it holds that

b
Ko fn(t) — Ko fa(s)] S/ [Cu,t) = C(u, s)| [ fn(u)] du

S w(|t = s[) [1fulH[L] < w([t = s[) AL},

(3)

which shows the uniform equicontinuity. By Arzela—Ascoli, there is therefore a subsequence
{K¢ fn, }ren that converges uniformly, and thus also in L? (a,b). We have thus shown that
for any bounded sequence in L? (a,b), the mapped sequence contains a converging (in L? (a, b))
subsequence, which implies that K¢ is compact, by definition.

The spectral theorem therefore implies the existence of an orthonormal basis {¢, }nen of
L? (a,b) consisting of eigenfunctions of K. The eigenfunctions corresponding to non-zero
eigenvalues are uniformly continuous because, by (3),

1 1
|6n(t) = ¢n(s)] = 1 [Kcon(t) — Kodnls)l < —wllt —s) AlL] - Vs,t € [a,b].
Now notice that

b b
A = (Kb, ) = / / Cs,1) () (1) ds dL.

Since the integrand is uniformly continuous, the integral can be approximated arbitrary well by
a (double) Riemann sum, and this sum is nonnegative by the assumption on C. Therefore, the

eigenvalues are nonnegative. O

Now assume that X; is a centered process (E[X;] = 0) with continuous autocovariance
function C(-,-). This latter assumption implies in particular that the paths of X; are almost
surely in L? (a,b). Indeed

E{/abedt} _/abE[XE]dt_/abC(t,t)dt<oo.

If follows from this that, given a complete orthonormal basis {¢y, }nen of L? (a,b), the following

12



two statements hold almost surely:

b b b b
Zi::/ Xt@-(t)dtg\// X,?dt\// ¢i(t)2dt:\// X2dt < oo Vi € N.

(ii) n:_ZZ ¢i(t)dt — X, in L?(a,b) as n — co.

Remark 2 (not examinable). The foregoing discussion shows that S, := > """ | Z;¢;, viewed as
a random variable with values in L? (a,b), converges to X; almost surely. On the other hand,
notice that

Y o IZidil Tz xapy = O E [/ Zi it } ZE 7=
i=1 =1

n
E|\> 2z
=1

Here L? (2 x (a,b)) denotes as the L? space on Q x (a,b) equipped with the product measure
P x A, with A the Lebesgue measure on (a,b). By Bessel’s inequality, and since X; is in L? (a, b)
almost surely, the sum in the expectation is bounded from above by f: X? dt almost surely. We

. b
> N Zidillizaxapy) <E [/ Xi dt] =
i=1 ’

and so S, = Y1 | Z;¢; converges in L? (Q x (a,b)) to a limit Y;. To show that Y; = X;, notice
that the convergence of Sy to Y; in L? (Q x (a, b)) implies that A, := [|Y; — Sullz2(ap) (a real-

valued random variable) converges in L?(€2) to 0. Therefore (this is a fundamental result in

deduce

functional analysis) there exists a subsequence A, that converges to 0 almost surely, i.e. almost
surely it holds that |[Y: — Sy, [|12(ap) — 0 as k — oo, which shows that Y; = X; by uniqueness
of the almost sure limit. We conclude that S,,(¢) converges to X; also in L? (Q x (a,b)). The
difference

b 1/2 b
15.(6) = Xellzononn = ([ ElSu0 - xiPas) = [ [

is called the total mean square error between S, and X;. (Note that the square is inside the
|2 we mean E[| - |?]). %)

9 1/2

dx

[e.9]

> Zigi(t)

i=n+1

expectation, i.e. when we write E| -

The Karhunen—Loéve theorem shows the convergence of S, to X; in a stronger sense.

Theorem 10 (Karhunen—Loéve). Let X; be a zero-mean square-integrable stochastic process
defined over a probability space (2, F,P), and indexed over a closed and bounded interval |a,b].
Assume additionally that the autocovariance function of the process, denoted by C(-,-), is contin-
uous on [a,b] X [a,b]. Then C(-,-) satisfies the conditions of Mercer’s theorem and, denoting by
{On}tnen and N\, the eigenfunctions and corresponding eigenvalues of the operator

b
KC:f—>/ Cls,) f(s) ds,

13



X admits the following representation
e b
Xy = Z Zn¢n(t)a Ln = / Xy ¢n(t) dt,
n=1 a

where the convergence is in L? (Q,P) uniformly in t. Additionally, the random variables Z,, have

zero mean, are uncorrelated and have variance \y,.

Proof. Below we will make use of Fubini—Tonelli’s theorem without explicitly mentioning that
we do so. It follows from the definitions of Z,, that

E[Zi}:E[/abthbi(t)dt} :/abE[Xt]qsi(t)dt:O, Vi e N.

Similarly, for all 7,5 € N it holds that

E[Z 7, = E [/abquﬁi(s)ds /abthﬁj(t)dt} _E [/ab/abXthqﬁi(s)@(t)dsdt
-/ b / "B[X, X, 61(s) 65(1) ds i = / b / " C(s,1) i) 65(1) ds
:/ab/abC(s,t) gbz-(s)dsdy(t)dt:/abAi@(t)(ﬁj(t)dt:)\ifsij‘

It remains to show the convergence, for which we will use the third statement in Mercer’s theorem,
which follows from E[Z; Z;] = 0;; A; and the fact that {¢, },en are the eigenfunctions of Kc:

E [|X; = Su(D)]*] = E [|X:]? + [Su(t)]* — 2 X, Si(1)]

=C(t,1) + Z ZE[Zi Zj| ¢i(t) ¢;(t) — 2 ZE[Xt Zi] ¢i(1)
=1

i1 j=1
=C(t,t) + zi; i 0i(t) ¢i(t) — 221@ [/ab Xt X5 0i(s) ds] oi(t)
=C(t,1) + z”; Ai 9i(t) ilt) — 2 i /ab C(s,t) di(s) ds ¢i(t)
=C(tt) - i)\z‘ i(t) ¢i(t)-

By Mercer’s theorem, C(t,£) — S, Ai ¢i(t) du(t) converges to 0 uniformly in time as n — oo,

which concludes the proof. O

For Gaussian processes, the coefficients {Z,, },en in the Karhunen-Loéve expansion are all
normally distributed. This is because the integral of a Gaussian process is a Gaussian random

variable (not examinable).

Exercise 1. Let X; be a Gaussian process on [a, b] with continuous mean p(t) and autocovariance
C(s,t), and with almost surely Riemann-integrable paths. Show that

/abXtdtNN(/abﬂ(t)dt,/ab/abC(s,t)dsdt> .
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Proof. By assumption, it holds almost surely that

b b
I::/ X;dt = lim I, =: lim <
a

n—oo n—o0

n—1 .
") Y Xp,  tli=at—(b-a). (4)
=0

The argument of the limit on the right-hand side, being a finite sum of normally distributed

random variable, is itself normally distributed, with mean and covariance given by:

b—a n—1 2n—1n—1
Bl = (") S, BB = P S cr,
1=0 1=0 5=0

Since g and C' are uniformly continuous, it is clear that

b
In]%/u(t)dt and E|I, — E[/, —>// C(s,t)dsdt as n — 09,

and so (this is easy to check using one of the equivalent definitions of convergence in distribution

given by the Portmanteau lemma)

Ini>/\/’(/abu(t)dt,/ab/abC(s,t)dsdt>.

From (4), we also know that [,, converges to I almost surely and therefore also in distribution,
which leads to the conclusion by invoking the uniqueness of the limit in distribution. O

The fact that the coefficients Z; of the Karhunen—Loéve expansion are pairwise independent
for Gaussian processes (because uncorrelated Gaussians are also indepedent) means that we
can employ the expansion to simulate Gaussian processes, as is done in the Jupyter notebook
and in the problem sheet. The Karhunen—Loéve expansion also enjoys the nice property that it

minimizes the total mean-square error:

Proposition 11. Let X; be a zero-mean process with continuous autocovariance function C(-,-),
and let {1n}nen be a complete orthonormal basis of L? (a,b). For any basis, we saw that the

process Xy may be approximated as

X, ~ Sp( ZA i(t) A= /b X, i(t) dt,

and that the total mean-square error of the approximation tends to 0 as n — oo. We will now
show that, of all such approximations, the Karhunen—Loéve expansion is the one that minimizes

the total mean square error, provided that the eigenvalue are arranged in decreasing order.

Proof. The mean-square error, which we denote by &,, admits the expression:

o[- sora] s [

Employing the continuity of the inner product (or of the norm) on L? (a, b) and the orthonormality

dt

) 2
> Aii(t)

i=n-+1

15



of the basis {9 }ien, we obtain

oo (o]
s,%:u-z[z AP = D> ElA
1=n+1 i=n+1

To avoid infinite series, we will show that the Karhunen-Loéve expansion maximizes
b n
Jo(r, . ) =B [/ X7 dt] —ep =Y EJA*
a i=1
Employing Fubini—-Tonelli’s theorem, we deduce
n b rb
Twnn) =3 [ [ Clstyilo vt dsa
=179V

A necessary condition for an orthonormal basis (1, ...,,) to maximize this functional is that

all the functional derivatives of the Lagrangian

T ) = (/b/bms,twi(sm(t)dsdt—5@- (/bw)?dt—l)) ,
2\J, . .

formed from the constraints that {¢;};en have norm 1 in L2 (a,b), are zero at (¢1,...,%,). A
simple calculation shows that the functional derivatives (which are themselves functions on [a, b])

are given by:

0J
0Y;

(Y1, ... ) =2 </ab0(s,t)¢i(s)ds—/;’mi(t)), i=1,...,n.

For these to be zero, we deduce that {¢;}_; must be eigenfunctions of the operator K¢. If this
is the case, and denoting by \; the corresponding eigenvalues, then

J*(qzz)lv e 71/}71) = Z)\Zu

which is maximized when the eigenpairs are arranged in such a way that the eigenvalues are

nonincreasing. O
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