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&% Question 1 (Floating point arithmetic, 12 marks). True or false? (+1/0/-1)

1.

2

3.

10.

11.

12.

Let (#)2 denote binary representation. It holds that (0.1111)s + (0.0001)9 = 1.
It holds that (1000)16 X (0001)16 = 1.

It holds that

. In base 16, all the natural numbers from 1 to 300 can be represented using 2 digits.
. If x is finite Float64 number, then x is a rational number.
. In Julia, eps(2.0) returns the machine epsilon for the Float64 format.

. Storing the matrix obtained with the Julia command zeros(10°5, 107°5) would require

more than 50GB of memory.

. The spacing (in absolute value) between successive double-precision (Float64) floating

point numbers is constant.

. Tt holds that (0.10101), = (1.2345)1,.

Machine addition F is an associative operation. More precisely, given any three double-

precision floating point numbers x, y and z, the following equality holds:

~ ~

¥y Fz=zF (yF2).

The machine epsilon is the smallest strictly positive number that can be represented in

a floating point format.

In Julia, the command nextfloat(2.) returns the next Float32 number after 2.



£ Question 2 (Interpolation and approximation, 10 marks). Throughout this exercise,
we use the notation z]' = i/n and assume that u: R — R is a continuous function. The
notation P(n) denotes the set of polynomials of degree less than or equal to n. We proved

in class that, for all n > 0, there exists a unique polynomial p,, € P(n) such that
Vi e {0,...,n}, pn(2]) = u(al). (1)

1. The degree of p,, is exactly n or n — 1.

2. Suppose that v € P(m). Then p, = u if n > m.
3. Fix u(z) = sin(37wx). Then p3(x) = 0.

4. Fix u(z) = cos(rx). Then py(x) = (2 — 1)2.

5. For all u that is smooth, it holds that

xfél[%ﬁ]‘u(x) — pn()| — 0.

6. Fix u(z) = cos(2z). Then

wrg[%ﬁ]\u(x) — pn()] —0.

7. Fix u(z) = sin(x). Then

gleaﬁi‘u(ﬂﬁ) — pu()] —0.

8. Suppose that p(z) € P(n) and let ¢(z) = p(x + 1) — p(z). Then q € P(n —1).

9. Let (fo, f1, fo,...) = (1,1,2,...) denote the Fibonacci sequence. There exists a poly-
nomial p such that
Vn € N, fn=p(n).

10. For any matrix A € R?°%10_ the linear system
ATAa = ATa

admits a unique solution.



£ Question 3 (Numerical integration, 9 marks). True or false? (+1/0/-1)

1. The degree of precision of the following rule is equal to 2:

/ " (@) dz ~ 2(0).

-1

2. The degree of precision of the following rule is equal to 3:

/_11u(x)dmu (-i) +u (;) .

3. For any natural number N > 0, there exists a quadrature rule with a degree of precision

equal to 2N + 1 of the form
1 N
/ u(z)dr ~ Z wpu(xy,).
-1 n=0

4. Legendre polynomials are orthogonal for the inner product

(f,9) = /_1 f(z)g(x)dx.

5. Fix u(z) = cos(x) and let
1Y iid
MC iid.

The expectation of 1) n is independent of N.
6. The variance of I¥ ¢ in (2) tends to 0 in the limit N — oo.
7. Let ¥ = i/N and consider the following approximation of fol u(x) da:

1

It = —
N7 9N

Fix u(z) = (1 + 2522)~L. Then I diverges in the limit N — oco.

8. Fix u(z) = cos(x) and let I be as in (3). Then there exists C' € (0, 00) such that

C
< =

YN > 2, .
N

1
I]:\F,—/ u(x) dz
0

9. Fix u(z) = 22 — 1 and let I, be as in (3). Then IL =0 for N > 2.

(u (acév) +2u (ﬁv) +2u (a:év) —|—...+u(m%_2) + 2u (m%_l) —I—U(ZEN)). (3)



O Computer exercise 1 (Floating point arithmetic, 10 marks). Read the documentation
of the nextfloat function. Using this function, plot on the same graph the spacing between
successive Float16, Float32 and Float64 numbers in the range [1,10%]. Use a logarithmic
scale for the z and y axes. You may find it useful to use LinRange{Type}(a, b, n) to create

a vector of n equidistant numbers of type Type between a and b.

0 Computer exercise 2 (Interpolation, 10 marks). Consider the data

=W N
[\

Find oy, as, ag, ag such that

N a
u(z) := ay cos(mz) + 24 032" + aga’
T

satisfies
Vi € {1,2,3,4}, iL\({El) = VY.

Plot on the same graph the function © and the data points.



0 Computer exercise 3 (Approximation, 10 marks). Write, without using the Polynomials

library, a function approx(x, y, d, X) to obtain, given data points

(0,%0) - - (N, YN)

and a nonnegative integer 0 < d < N, the polynomial p € P(d) minimizing the total error

1 N 2
B LS o) -l
n=0
Your function should a vector containing the values p(Xp),...,p(Xnr), where Xo, ..., Xy
are the elements of the vector X. Within the function, proceed in 3 steps:

e First create the following matrix and vector:

e Then solve the normal equations using the backslash operator:
ATAc = ATb.

e Finally, evaluate the polynomial

p(2) = g+ anx + ... + agzd.

at all the points in X and return the result in a vector.

Use the data given in the notebook, of the altitude of a marble in free fall as a function of
time, to test your code. The experiment was performed on a different planet. Can you find

which one? See https://en.wikipedia.org/wiki/Gravitational_acceleration.


https://en.wikipedia.org/wiki/Gravitational_acceleration

O Computer exercise 4 (Numerical integration, 10 marks). Milne’s integration rule

frmonem3 ()02 ()

e Write a function composite_milne(u, a, b, N), which returns an approximation of

/ab u(x)dz

obtained by partitioning the integration interval [a, b] into N cells, and applying Milne’s

reads

the integral

rule within each cell.

e Take u(x) = cos(z), a = —1 and b = 1. Plot the evolution of the error for N varying
from 1 to 1000.

e Estimate the order of convergence with respect to N, i.e. find « such that
Iy —I| x CN™?,

where I denotes the exact value of the integral and 1) ~ denotes its approximation. In
order to find «, use the function fit from the Polynomials package to find a linear

approximation of the form

log| Iy — I| = log(C) — alog(N).



